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Abstract 

Let {M,I,uj,Q) be a nearly Kahler 6-manifold, that is, an 
S'f/(3)-manifold with (3,0)-form Q and Hermitian form lj 
which satisfies dui = 3ARef2, dlmQ — —2\lj^, for a non- 
zero real constant A. We develop an analogue of the Kahler 
relations on M, proving several useful identities for various 
intrinsic Laplacians on M. When M is compact, these iden- 
tities give powerful results about cohomology of M. We show 
that harmonic forms on M admit a Hodge decomposition, 
and prove that H^''^{M) = unless p = q or [p = 1, q = 2) 
or {p = 2,q= 1). 
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1 Introduction 

1.1 Nearly Kahler 6-manifolds 

Nearly Kahler manifolds (also known as if-spaces or almost Tachibana spaces) 
were defined and studied by Alfred Gray ([Grl], [Grl], [Gr3], [Gr4]) in the 
general context of intrinsic torsion of t/(r7,)-structures and weak holonomies. 
An almost complex Hermitian manifold (M, /) is called nearly Kahler if 
Vx{I)X = 0, for any vector field X (V denotes the Levi-Civita connection). 
In other words, the tensor Vcj must be totally skew-symmetric, for to the Her- 
mitian form on AI. If Wx{^) for any non-zero vector field X, M is called 
strictly nearly Kahler. 

Using deep results of Kirichenko and Cleyton-Swann ([K], [CSj ) P.- A. Nagy 
in [N] has shown that that any strictly nearly Kahler manifold is locally a 
product of locally homogeneous manifolds, strictly nearly Kahler 6-manifolds, 
and twistor spaces of quaternionic Kahler manifolds of positive Ricci curvature, 
equipped with the Eels-Salamon metric f [ES| ). 

These days the term "nearly Kahler" usually denotes strictly nearly Kahler 
6-manifolds. We shall follow this usage, often omitting "strictly" and "6- 
dimensional" . In more recent literature (such as ^MNS2j ). these objects are 
called Gray manifolds. 

For a history of this notion, a number of equivalent definitions and a bibli- 
ography of current work in this field, we refer the reader to ^MNSl) and |V3| . 

It is convenient to define nearly Kahler 6-manifolds in terms of differential 
forms, as follows. 

Proposition 1.1: Let {M,I,oj) be a Hermitian almost complex 6-manifold. 
Then the following conditions are equivalent. 

(i) The tensor Wx{I)Y is skew-symmetric with respect to X, Y, and non-zero. 

(ii) The form Vlu e A^(Af) (X) A^(M) is non-zero and totally skew-symmctricQ 

(iii) There is (3, 0)-form H. with |f2| — 1, and 

dui —3X Re rt, 

(1.1) 

where A is a non-zero real constant. 
Proof: Well known; see e.g. [V3l Theorem 4.2], |BFGKj . or ■ 

Definition 1.2: An S'?7(3)-manifold {M,uj,il, I) is called nearly Kahler if 
(fLT]) holds. 

The examples of compact nearly Kahler manifolds are scarce; one may hope 
that the nearly Kahler orbifolds would occur more often. The results of this 

^Notice that in this case, by Cartan's formula, we have dui = Vo;. 
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paper are stated for the manifolds, but they are vahd for aU nearly Kahler 
orbifolds, with the same proofs. 

1.2 Nearly Kahler manifolds in geometry and physics 

In [V3| it was shown that, unless a nearly Kahler manifold M is locally isometric 
to a 6-sphere, the almost complex structure on M is uniquely determined by the 
metric. In [F] this result was proved for as well. Also in jV3j it was shown 
that the metric on M is uniquely determined by the almost complex structure. 

Denote by C (M) the Riemannian cone of (M, g) . By definition, the Rie- 
mannian cone is a product M^" x M, equipped with a metric t^g + dt^, where 
t is a unit parameter of 

The definition of nearly Kahler manifolds can be reformulated in terms of 
Riemannian geometry, as follows. 

Proposition 1.3: Let {M,g) be a Riemannian 6-manifold. Then M admits a 
strictly nearly Kahler almost complex structure if and only if any of the following 
equivalent conditions holds. 

(i) M admits a real Killing spinoJl 

(ii) The Riemannian cone C{M) has holonomy 6*2. 
Proof: Well known (see e.g. |Gru| ) . m 

For an in-depth study of Killing spinors, with applications to 6-dimensional 
geometry, see |BFGK| . From (i) it is apparent that a nearly Kahler manifold is 
Einstein; indeed, only Einstein manifolds can admit Killing spinors. 

Nearly Kahler manifolds appear as the end result of several important classi- 
fication-type problems - in classification of manifolds admitting a Killing spinor, 
in classification of conical singularities of G2-manifolds, in classification of man- 
ifolds admitting a connection with totally antisymmetric and parallel torsion 
f |CS| ) and so on. These manifolds are even more important in physics, being 
solutions of type II B string theory (|FIj). In that sense, nearly Kahler manifolds 
are just as important as the usual Calabi-Yau threefolds. 

The conical singularities of G2-manifolds and the resulting nearly Kahler 
geometries also known to have applications in physics, giving supergravity so- 
lutions which are a product an anti-de Sitter space with an Einstein space (see 
|AFHSj ). More recently, the conical singularities of G2-manifolds arising from 
nearly Kahler geometry were used to obtain string models with chiral matter 
fields ( [AtW] . IKcW] ). 

spinor t/) is Killing if VxV' = ' 4' foi' s-U vector fields X € TM and a fixed, non-zero 
real constant A. 
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1.3 Local structure of nearly Kahler 6-manifolds 

Let {AI,I,uj,n) be a nearly Kahler manifold. Since duj — 3ARef2, the complex 
structure on M is non-integrable; indeed, a differential of the (1, l)-form ut lies 
in A^-°{M) e A°'^{M), and this is impossible if (M, /) is integrable. 

To fix the notation, we recall some well-known results and calculations re- 
lating the de Rham differential and the Nijcnhuis tensor. 

An obstruction to integrability of an almost complex structure is given by 
the so-called Nijenhuis tensor, 

N* : T^^°{M) (E) T^^^{M) — * T°-\M), 

mapping a pair of (1, 0)-vector fields to the (0, l)-part of their commutator. For 
our purposes, it is more convenient to deal with its dual: 

N : A°'i(A/) — .A2'0(M). (1.2) 

From Cartan's formula it is apparent that N is equal to the (2, — l)-part of the 
de Rham differential. On the other hand, N can be expressed through V/, in a 
usual way: 

N*{X,Y) ^ {VxI)Y -(VyI)X 

where X,Y are (l,0)-vector fields. On a nearly Kahler manifold, V(/) can 
be expressed through the 3- form duj — Vw. This gives the following relations 

(mi): 

N*{X,Y)=duj{X,Y,-f, (1.3) 

where F, •)" is a vector field dual to the 1-form du){X,Y,-). Since du = 

3ARen, the relation l|1.3p allows one to express N through Vi and lo. 

Let 'Ci, ^3 S h}'^{M) be an orthonormal coframe, such that Q. = £,i/\^2/\^3- 
Then ([O]) gives 

A^(?i) = A6A6, ^(?2)--AeiA6, A^(C3) = AeiA6, (1-4) 
This calculation is well known; it is explained in more detail in [V3] . 

1.4 Hodge decomposition of the de Rham differential and 
intrinsic Laplacians 

The results of this paper can be summarized as follows. Let 

be the Hodge decomposition of de Rham differential (Subsection 13. ip . We use 
the following notation: d^.-i ^r, d^i-^ =: N, d^-^ =: 9, =: d. 

The usual Kahler identities have a form "a commutator of some Hodge com- 
ponent of de Rham differential with the Hodge operator A is proportional to 
a Hermitian adjoint of some other Hodge component of de Rham differential" . 
We prove that a similar set of identities is valid on a nearly Kahler manifolds 
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(jThcorcni 3.1[ |Proposition 5.1[ ) . These identities are used to study various in- 
trinsic Laplacians on M. We show that the difference 

A9-Ag = R (1.5) 



is a scalar operator, acting on {p, q)-iorms as X^{p—q){3—p—q) (see Corollary 3.3[ ) 



For the de Rham Laplacian A^^ = dd* + d*d, the following formula holds: 

Ad = Ag_5 + Aw + Ay (1.6) 

(see ()5.6p ). This formula is used to study the harmonic forms on M when M is 
compact. We show that rj is harmonic if and only if all Hodge components of d 
and d* vanish on rj ([Theorem Q.2\\ . This implies that the harmonic forms on M 
admit a Hodge decomposition: 

n*{M) = 07iP'«(M). 

Using 1131), we obtain that W''i{M) = unless p = g or (g = 2,p = 1) 
or {q — l,p = 2). We also prove that all harmonic forms rj G 7i^'''?(M), for 
(q = 2, p = 1) or {q = 1, p ~ 2) or p = q = 2 arc coprimitive, that is, satisfy 
ry A = 0, where uj is the Hermitian form (jRemark 6.4p . 



2 Algebraic differential operators on the 
de Rham algebra 

The following section is purely algebraic. We reproduce some elementary results 
about algebraic differential operators on graded commutative algebras. There 
results are later on used to study the de Rham superalgebra. 



2.1 Algebraic differential operators: basic properties 

Let A* := ^* Ai be a graded commutative ring with unit. For a G Ai, we denote 
by La the operator of multiplication by a: La{r]) = arj. A supercommutator of 
two graded endomorphisms x,y & End(A*) is denoted by 

{x,y} := xy- (-l)''^ya;, 

where x denotes the parity of x. 

Speaking of elements of graded spaces further on in this section, we shall 
always mean pure elements, that is, elements of pure even or pure odd degree. 
The parity x is always defined as 1 on odd elements, and on even elements. 

Vectors of pure even degree are called even, and vectors of pure odd degree 
are called odd. 

A supercommutator of two even endomorphisms, or an odd and an even 
endomorphism is equal to their commutator. We shall sometimes use the usual 
bracket notation [•, •] in this case. 
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Definition 2.1: The space D^{A*) C End(A*) of algebraic diff"erential op- 
erators of algebraic order i is a graded subspace of End(A*), which is defined 
inductively as follows. 

(i) D^{A) is a space of A*-linear endomorphisms of A*, that is, D°{A*) = A*. 

(ii) is defined as a graded subspace of End(j4*) consisting of all en- 
domorphisms p E End(A*) (even or odd) which satisfy {La, p} € Z3"(^*), 
for all a E A. 

This notion was defined by A. Grothendieck. Using induction, it is easy to 
check that D*{A*) = \J D'{A*) is a fihered algebra: 

DHA*) ■ D^{A*) c D'+^{A*), (2.1) 

and also 

{D\A*),D\A*)} c D'+^-\A*). (2.2) 

Definition 2.2: Let 5 : A* — > A* be an even or odd endomorphism. We say 
that (5 is a derivation if 

S{ab) = 6{a)b+{-lf~^aSib), 

for any a,b E A* . 

Clearly, all derivations of A* are first order algebraic differential operators 
and vanish on the unit of A* . The converse is also true: if D C D^{A*) is a first 
order differential operator, D{1) = 0, then _D is a derivation, as the following 
claim implies. 

Claim 2.3: Let D E D^{A*) be a first order differential operator. Then 

D - Lo(i) 

is a derivation of A. 

Proof: It suffices to prove [Claim 2.31 assuming that £'(1)=0. Let a,b E A 
be even or odd elements. Since {D, La] is A*-linear, we have 

D{ab) - i-lf^'aDib) ={D,La}{b) = {D,La}{l)b 

^D{a)b + {-lf^aD{l) = D{a)b. 



Remark 2.4: From [Claim 2.31 it is clear that a first order differential operator 
on A is determined by the values taken on 1 and any set of multiplicative 
generators of A. 
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The following claim is also clear. 

Claim 2.5: Let D E End(yl*) be an endoniorphisni of A*, and V a set of 
generators of A*. Assume that for any E V, we have {L^,D} £ D^{A*). 
Then D is an {i + l)-st order algebraic differential operator on A. 



2.2 Algebraic differential operators on A*(M) 

Let M be a smooth manifold, and A*(M) be its de Rham algebra. It is eas- 
ily seen that the differential operators (in the usual sense) and the algebraic 
differential operators on A*{M) coincide. However, the "algebraic order" of dif- 
ferential operators in the sense of Grothendieck's definition and in the sense of 
the usual definition are different. For instance, a contraction with a vector field 
is C°°{M) linear, hence has order in the usual sense. However, the contraction 
with a vector field has algebraic order one in the sense of lDefinition 2.11 Further 
on, we always use the term "order" in the sense of "algebraic order" , and not 
in the conventional sense. 

From now till the end of this Appendix, the manifold AI is always assumed 
to be Riemannian. 

Claim 2.6: Let M be a Riemannian manifold, and 77 € A^(M) a 1-form. Denote 
by A,j the metric adjoint to L^, A^ = — *L^*. Then A^ is a first order differential 
operator. 

Proof: Clearly, A^ is a contraction with a vector field 77" dual to 77. Then 
IClaim 2T6l is clear, because a contraction with a vector field is clearly a deriva- 
tion. ■ 

This claim is a special case of the following proposition, which is proved 
independently. 

Proposition 2.7: Let M be a Riemannian manifold, and 77 S A"(M) an n- 
form. Denote by A^ the metric adjoint to La, A^ = (—1)'' * L^*. Then A^ is a 
differential operator of algebraic order n. 

Proof: We use the induction on n. For n — everything is clear. As 
IClaim 2.5I implies, to prove that A^ e £'"(A*(Af)), we need to show that 



for any a G A°{M), A'^{M). For a G A"(A/), (IQ)) is clear, because A^ is 
C°° (M)-linear, hence {A^, La} 0. For a e A^(M), it is easy to check that 



{A^,La}eD"-\A*iM)), 



(2.3) 



{A^,La} = A, 



ri J at 
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where a* is the dual vector field, and -i a contraction. The induction statement 
immediately brings l|2.3p . ■ 

2.3 An algebraic differential operator and its adjoint 

The main result of this section is the following proposition. 

Proposition 2.8: Let {M,g) be a Riemannian manifold, and 

D : A*(M) — >A*+\M) 

a first order algebraic differential operator. Denote by D* its metric adjoint, 
D* = — * D*. Then D* is a second order algebraic differential operator. 

Proof: Step 1: As follows from lClaim 2.5| it suffices to check that 

{{D*,La},Lb} is A*(A/)-linear, (2.4) 

for all a, be A"{M),A\M). 

Step 2: 

Lemma 2.9: Let A*{M) K*^^(M) be a first order algebraic differential 

operator decreasing the degree by 1. Then Di = 0. 
Proof: Follows from [Remark 2.4l ■ 

Step 3: Clearly, 

{{D*,La},Lby ^Dl 

where Di := {{£), A^}, Ab}. From IClalmTel and jMl, we find that Di is 
an algebraic differential operator of algebraic order 1 (being a commutator of 
several first order operators). When a,b G A^(Af), Di decreases the degree of 
a form by 1. Bv IClaim 2.31 Di is a derivation. Clearly, a derivation which 
vanishes on A°(M) is C°°(M)-linear. This shows that Di is C°°(M)-linear. 
Bv lLemma 2.9[ the commutator of Di with Ac vanishes, for all c G A^{M): 

{Di,Ac} = (2.5) 

The operator DI = {{D*,La},Lb} is C°°(A/)-linear (beind adjoint to Di), 
and commutes with all La, as follows from (|2.5|1 . Therefore, DI is A*(Af)-linear. 
This proves (|2^ for a, be A^{M). 

Step 4: Clearly, ia = Aa when a G A°{M). Then 

= {{i^*,A4,Ab} - = 0, (2.6) 

because £> is a first order algebraic differential operator. We proved p.4p for 
a, be A°{M). 
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Step 5: Since the algebra A*{M) is graded commutative, {La,Li,} = for 
all a,b G A*(M). Using the graded Jacobi identity, we find that 

{{D*,La}, L,} = i~l f{{D*,Li,}, La}, (2.7) 

for all a,b. In Steps 3 and 4 we proved ((^ for a,b e A^{M), a,b e A°{M). 
By (|2.7p . to prove [Proposition 2.8| it remains to show that {{D* , La}, L^} is 
A*(M)-linear for a e A°{M),b G A^{M). 

Step 6: In this case, 

{D*,La} = {D*,Aa} = {D,La}* = = Az3(a). 

Then 

{{D*,La}, Lb} = {Ac(a), i&} = g{D{a), b), 

because A£)(a) is a contraction with the dual vector field D{a)K We proved that 
{{D*, La}, Lf,} is a scalar function, hence it is A*(Af)-linear. [Proposition 2.8| is 
proved. ■ 

3 Kahler identities on nearly Kahler manifolds 

3.1 The operators d, d on almost complex manifolds 

Let (M,!) be an almost complex manifold, d : A' (A/) — >A*+i(A/) the de 
Rham differential. The Hodge decomposition gives 

d^J, d''3 , Af'«(M) — ^AP+'^i+^iM) (3.1) 
i+j=i 

Using the Leibniz identity, we find that the differential and all its Hodge com- 
ponents are determined by the values taken on all vectors in the spaces A*'(M), 
A-'^(Af), generating the de Rham algebra. On A'^{M), only d^'", d"'^ can be 
non-zero, and on A-^{M) only d^'^^, c?^'", c?°'^, d"^'^ can be non-zero. Therefore, 
only 4 components of p.ip can be possibly non-zero: 

Since N := d^'"\ N := d^^'^ vanish on A"(M), these components are C°°{M)- 
linear. In fact, 

N : A"-\M) — .A2'0(M) 

is the Nijenhuis tensor (|1.2p of {M,I), extended to an operator on A*(Af) by 
the Leibniz rule. We denote d^'° as d : AP'«(A'f) — >Ap+^^'J{M), and d°'^ as 
d : AP^i{M) — > AP'«+i(Af). Decomposing d^ = 0, we find 

+ {N, d}+{{d, N} + d^) + {{N, N} + {d,d}) 

+ {{d,N}+t) + {N,d} + N^ (3.2) 

=d2 = 
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where {•, •} denotes the superconimutator. The terms m brackets in (|3.2p are 
different Hodge components of (P, and since cP = 0, they all vanish: 

={N, d} = (d, N} + d^ = 

={N, N} + {d,d}^ {d, N} + a' (3.3) 
={N,d}^N^ ^ 

However, the operators and d can be non-zero. 

The following almost complex version of the Kahler idenities is quite useful 
further on in our study. 

Theorem 3.1: Let {M,I) be an almost complex Hermitian manifold, oj G 
A^'^(M) a Hermitian form, and : A*(M) — > A*~2(M) a Hermitian adjoint 
to L^(r]) = ujArj. Consider the operators d, d : A*(M) — > A*"'"^(M) constructed 
above, and let d*,d : A'(A/) — > A^~^{M) be the corresponding Hermitian 
adjoint operators. Assume that dcj e A^'°(M) ® A''^^(M), that is, doj ^ duj = 0. 
Then 

[A^,d] = V^d*, [A^,d] = -V^d* (3.4) 

and 

[L^,d*] = V^d, [A^,d]^V^d* (3.5) 

Proof: To prove rTheorem 3.H we use essentially the same argument as used in 
the proof of the conventional Kahler identities in the situation when a coordinate 
approach does not work; see e.g. the proof of Kahler identities in HKT-geometry, 
obtained in [Vlj . and the proof of the Kahler identities in locally conformally 
hyperkahler geometry, obtained in [V2I . 

The equations p.4p and (|3.5p are Hermitian adjoint, hence equivalent. The 
two equations p.Sp are complex conjugate, hence they are also equivalent. To 
prove [Theorem 3TT] it is sufficient to prove only one of these equations, say 

[L^,d*] = V^d. (3.6) 

The proof of such a relation follows a general template, which is given in Section 
[21 There is an algebraic notion of differential operators on a graded commutative 
algebra, due to Grothendieck (jPefinition 2.ip . In this sense, the operators d* , d 
are second order algebraic differential operators on A*{M) (see [Proposition 278] ), 
and is A*(M)-linear. Then [L^,d*] (being a commutator of 0-th and 2- 
nd order algebraic differential operators on A*(M)) is a first order algebraic 
differential operator. To prove a relation between first order algebraic differential 
operators on an algebra, such as ()3.6|) . it suffices to check it on any set of 
generators of this algebra ([Remark 2.4^ . To prove [Theorem 3.1! it remains to 
show that (|3.6p holds on some set of generators, e. g. 1-forms and 0-forms. 
Given a function / € C°°{M), we have 

[L^,d*]f ^-d*ifLj). (3.7) 
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However, d* = — * d* and *{fuj) = fuj" ^, where n = dime M. Then 
[L^,d*]f ^ ^{dj ALU'"-') = V^df 

because for any (1, 0)-form -q we have *{r] A uj"~') = y/^rj, and df = df. 

It is easy to check that 9*-closed l-forms generate the bundle of all 1-forms 
over C°°{M). Indeed, on 2-forms we have (9*)^ = 0, and therefore, all 9*-exact 
1-forms are 9*-closed. A local calculation implies that 9*(A^(Af)) generates 
Ai(M) over C°°(M). 

Consider a 1-form rj G A^(M). To prove [Theorem 3~T] it remains to show 
that [Luj,d*]{ri) = drj. Since 9*-closed 1-forms generate A*(M), we may 
assume that rj is 9*-closed. Then 

Since rj is i9*-closed, we have oj"-' /\d{Irj) — 0, and therefore the form w"^^ Ac^yy 
is coprimitive (satisfies (w""^ A c^ry) /\ uj — 0). Given a coprimitive (2n — 2)- 
form a — K A cj"^^, the form can be written down explicitly in terms of k: 
*a = —lilZ). Then 

A 9/(?7)) = -Tdlfj = V^dr]. 
Comparing this with (j3.8p . we find that 

We proved [Theorem 3.11 ■ 

3.2 The Nijenhuis operator squared 

Later on, we shall need the following useful identity. 

Proposition 3.2: Let (Af , /, uj, 51) be a nearly Kahler 6-manifold, duj — XKe il, 
and C + 77 = rf^ -i + c?-i.2 ^^^^ (2, -1) (-1, 2)-part of the do Rham 

differential. Then the following ( A/)-linear maps 

AP'«(M) yAP+'^i+\M) 

are equal: 
(i) 

(ii) —{d,d} (by {•, •} we understand the supercommutator). 

(iii) the scalar operator -\/— 1 X^{p ~ q)L^, mapping i] G AP''^{M) to 

X^ip - q)ri A UJ. 
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Proof: The equivalence = —{d,d} is clear, because the (1, l)-part of (P is 
equal to + {9,5}, and = (see ([331)). To prove 

^V^X\p-q)L^, (3.9) 

we notice that both sides of (|3.9p are differentiations (C^ being a supercommu- 
tator of an odd differentiation with itself). Therefore it suffices to check (I3.9P 
only on the generators of A*(M), e.g. on A°{M) and A^{M). On A°(Af), both 
C and {p — q) vanish, hence p.9p is clear. Let us check (|3.9p on A^'°(M) (a proof 
of (|3.9p on A°'^(Af) is obtained in the same fashion). Choose an orthonormal 
frame $17^2,^3 G A^'°(M), in such a way that 

0J = - (Ci A Ci + 6 A ?2 + 6 A ^3) , = A 6 A 6 

Let 77 be a (0, l)-form, say, rj — (this assumption is not restrictive, because 
both sides of jSll) are manifestly C°°(Af)-linear). Then N{r]) = A 6, as 
(|1.4p implies. Similarly, the Leibniz rule and (|1.4p give 

NN{r]) = A2(ei A ?3 A ^3 + Ci A A ?2) - A^r; A c^. (3.10) 
On the other hand, 

C^{r]) = {N + Nf'n = NN{r)), (3.11) 

because iVjy — being a (— l,3)-form, and N'^ = N = as p.2p implies. 
Combining (|3.10p and p. lip , we obtain (13. 9p . [Proposition 3.2| is proved. ■ 

Corollary 3.3: Let {M,I,uj,n) be a nearly Kahler 6-manifold, dui — ARefi, 
and d, d the (1, 0)- and (0, l)-parts of de Rham differential. Consider the corre- 
sponding Laplacians: 

Aa:^dd* + d*d, A-^ ■.= dd* + 8*8. 

Then Ag — A^- = R, where i? is a scalar operator acting on {p, g)-forms as a 
multiplication by A'^(3 — p — q){p — q). 

Proof: As [Proposition 3T2| implies, {9,9} = — \/"^ {p — q)X^L^. It is well 
known that H :— [L^ , A^^] acts on (p, (7)-forms as a multiplication by (3 — p — g) 
(see e.g. iGHj). Then 

{K,{d,d}} = V^R. (3.12) 
Applying the graded Jacobi identity and [Theorem 3.l1 to (|3.12p . we obtain 

V^i? = {A^, {9,9}} = {{A^,9},9} + {9, {A^,9}} = ^ Aa - A^. 

(3.13) 

This proves [Corollary 3.3[ ■ 
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4 The de Rham Laplacian via A^, A^, A^^ 

4.1 An expression for 

Let M be a nearly Kahler 6-manifold, d — N + d + d + N the Hodge decom- 
position of the de Rham differential, and Ag, the Laplacians defined above, 
Ag :— {d,d*}, Ag := {d,d }. Denote the usual (Hodge-de Rham) Laplacian 
by Ad = {d,d*}. In addition to [Corollary 3.3[ the following relation between 
the Laplacians can be obtained. 

Theorem 4.1: Let AI be a nearly Kahler 6-manifold, and Ag, Ag, Ad the 
Laplacians considered above. Then 

Ad^Ag + Ag + A^+^ - {d,d*} - {d, d*}. (4.1) 

where A^_|^;^ is defined as a supercommutator of the C°°-linear operator C := 
N + N and its Hermitian adjoint: 

^N+~N + C C. 

The proof of [Theorem 4.11 takes the rest of this Section. 

4.2 N=X[Ln,A^] 

The following linear-algebraic relation is used further on in the proof of lTheorem 4.11 

Claim 4.2: Let {M,I,uj,il) be a nearly Kahler 6-manifold which satisfies 
duj — XReft, N the (2, — l)-part of the de Rham differential, and A^^ the Hodge 
operator defined above. Then 

A[Ln,A^] = 7V, (4.2) 

where LQ{r]) :— fl Arj. 

Proof: As in the proof of lTheorem 3.1[ we consider Lji, as algebraic dif- 
ferential operators on the graded commutative algebra A* (M) fsee lDefinition 2.l|) . 
Then Lfi is a 0-th order operator, and A^^ a second order operator, as follows 
from [Proposition 2.7 Therefore, the commutator [Lq, Ai^] is a first order oper- 



ator. Bv lReniark 2.41 it suffices to check (|4.2|) on 0- and 1-forms. This can be 



done by an explicit calculation, using (jl.4p . ■ 

4.3 Commutator relations for A^, A^, d, d 

Proposition 4.3: Under the assumptions of lTheorem 4.11 the following anti- 
commutators vanish: 

{N*,d} = {N*,d} = {N,d*} = {N,d*} = 0. (4.3) 
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Moreover, we have 

{d\d} = -{N,d*} = -{N\d}, 



(4.4) 

{d*,d} = -{N,d } = -{N*,d*}, 



Proof: Clearly, all relations of (|4.3[) can be obtained by applying the com- 
plex conjugation and taking the Hcrmitian adjoint of the following relation: 

{N*,d} = 0. (4.5) 

Decomposing (P = onto Hodge components, we obtain {N,d} = (see p. 31) ). 
Bv lClaim 4.21 this is equivalent to 

{{io,A^},9} = 0. (4.6) 

Clearly, 9r2 = 0, hence 

{Ln,d}^0. (4.7) 
Applying the graded Jacobi identity to (|4.6p and using (|4.7|) . we obtain 

0^{Ln,{^u.,d}} = V^{Ln,d*}. (4.8) 
Acting on (|4.8p by {A^, •} and using the graded Jacobi identity, we obtain 

0^{A^,{Ln,d*}} = -X{N,d*}- 

This proves ([43]) and (f43l) . 

It remains to prove (|4.4p . Taking a Hodge component of cP — 0, we obtain 

^{d,d} + {N,d} = o (4.9) 

(see p.3p ). Using the same argument as gives (|4.7p . we find 
{N,d}^-X-\{A^,Ln},d} 

=X-^{{Ln, {A^,d}} - A-^A^, {Ln,d}} 
= -V^\-^{Ln,d*}. 

Together with (|4.9p . this brings 

1 



^{d,d} = V^X-'{Ln,d*}. (4.10) 
Acting on ()4.10p with {A^, •}, we obtain 

V^{d,d*} = V^X-\{A^,Ln},d*} = -V^{N,d*}. 
We obtained the first equation of (j4.4p : 

{d,d*}^~{N,d*}. (4.11) 

We proved [Proposition 4.3| ■ 
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4.4 The Hodge decomposition of the Laplacian 

Now we can finish the proof of IThcorem 4.11 Decomposing d, d* onto Hodge 
components, we obtain 

Ad=(^{N*,d} + {N,d*} + (N* , d} + (N, d* } 

+ (^{d*,d} + (d* ,d} + {N,d*} + {N,d*} + {N*,d} + (N* ,d}^ 

The first term in brackets vanishes by (|4.3p . and the second term is equal 
-{d,d*} - {d,d*} as (|131) imphes. This gives 

A, = Aa + Ag + A^+^ - {d,d*} - (B, d*}. (4.13) 
We proved [Theorem 4.11 ■ 

The relation (|4.13p can be rewritten as the following relation between Lapla- 
cians. 

Corollary 4.4: Under the assumptions of ITheorem 4.11 denote by Ag_-g the 
Laplacian {d — d,d* — d }. Then 

Ad = Aa_^ + A^+j^. (4.14) 

Proof: As (|4.13p implies, to prove (|4.14p we need to show that 

Ag_^^A9 + Ag~{d,d*}^{d,d*} 

This is clear. ■ 

5 Kahler-type identities for A^, 

Further on, we shall need the following analogue of Kahler relations (jTheorem 3.ip . 
but for the C°°(M)-linear "outer" parts of the de Rham differential, N and N. 

Proposition 5.1: Let {M,I,uj,il) be a nearly Kahler 6-manifold, N, N the 
(2,-1)- and (— l,2)-parts of the de Rham differential, TV*, N* their Hermitian 
adjoints operators, and the Hermitian adjoint to Li^{ri) := lu Arj. Then 

Proof: The equalities of (|5.ip are obtained one from another by taking complex 
conjugation and Hermitian adjoint, hence they are equivalent. Therefore, it 
suffices to prove 

[L^,N*]=2V^N. (5.2) 
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The proof of this formula follows the same lines as the proof of [Theorem 3.11 
Again, both sides of (|5.2p are first order algebraic differential operators on the 
algebra A*(Af), in the sense of Grothcndieck (jPcfinition 2.1[) . Therefore, it 
suffices to check (|5.2I) only on 0-forms and 1-forms (jRemark 2.4p . On 0- forms, 
both sides of (|5.2p clearly vanish. To finish the proof of (|5.2p . it remains to 
check 

iV*i„(ry) - 2x/^lV(r,), (5.3) 

where is a 1-form. Since both sides of (|5.3p vanish on (l,0)-forms, we may 
also assume that rj S A°'^(Af). 

Let ^1,^2,^2 be an orthonormal frame in A^'''(A/), satisfying 

^ = (a A ^1 + 6 A ^2 + 6 A Cs), = A 6 A 6- 

Since both sides of ()5.2p are C°°(Af)-linear, we need to prove (|5.2p only for 
rj = Ci)C2iC2- Assume for instance that rj — a. Then 

LuV = -V^li A (6 A ^2 + 6 A Cs)- 

Using (|1.4p . we obtain 

iV*L^7? = A 6 + A 6 = 2\/^6 A 6 = iV(77). 

This proves (|5.2p . [Proposition 5.1| is proved. ■ 

[Proposition 5.l| is used in this paper only once, to obtain the following corol- 
lary. 

Corollary 5.2: Let M be a nearly Kahler 6-manifold, N, N the (2,-1)- and 
(— 1, 2)-parts of the de Rham differential, N* , N* their Hermitian adjoint oper- 
ators, and Ajv, Ajy, A^^-^y the corresponding Laplacians. Then 

^N+N - Aw + 

Proof: Clearly, we have 

A^+^ = + {N, N*} + {¥, N*}. 

Therefore, to prove [Corollary 5^ it suffices to show that 

{Af,]V*} = 0, {N,N*}^Q. 

One of these equations is obtained from another by complex conjugation; there- 
fore, they are equivalent. Let us prove, for instance, {N, } = 0. As follows 
from [Proposition 5.1[ 

{nX}^-^{N,{^^.N}}- (5.4) 
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However, {N,N} = as follows from p.3p . Using the graded Jacobi identity, 
we obtain 

- {A^, {N, N}} = {{A^, N}, N} + {TV, {A^, N}} = 2{N, {A^, N}}. 
Therefore, ([^ implies {N,W} = 0. This proves [Corollary 5.2| ■ 
Remark 5.3: From [Corollary 5T2[ [Corollary 4.4[ and lTheorem 4.ll we infer that 
Ad = Aa + + Ajv + - {d*,d} - {d,d*} (5.5) 

and 

Aa = Ag_^ + Ajv + A^ (5.6) 

6 Harmonic forms on nearly Kahler manifolds 

6.1 Harmonic forms and the d, 5-Laplacians 

For harmonic forms on a compact nearly Kahler manifold, the relation (j4.1[) of 
[Theorem 4.11 can be strengthened significantly. 

Theorem 6.1: Let M be a compact nearly Kahler 6-manifold, and rj a differ- 
ential form. Then 77 is harmonic if and only if 

77 e ker Aa n ker A^n ker A^_^;^. (6.1) 

Proof: The "if" part is clear; indeed, if (|6.ip is true, then drj — drj = d*ri = 
d*rj — 0, and A^ry — bv lTheorem 4.11 
As [Corollary 4.4[ implies, 

A^ry = ^ (^Ag_gr; - 0, and A^^^?7 = 0^ . (6.2) 

Therefore, for any A^-harmonic form ry, we have Ag ^r/ = 0, that is, {d—d)ri — 

and {d* - d*)r] = 0. Moreover, since dfj = {N_+ N)'q = 0, d + d = d -_N - N 
vanishes on rj as well. Substracting from {d + d)rj = the relation {d — d)rj = 0, 
we obtain that drj = 0. In a similar way one proves the whole set of equations 

di] — drj ^ d*rj = d ij ^ 

This gives (j6.ip . [Theorem 6.11 is proved. ■ 

6.2 The Hodge decomposition on cohomology 

The main result of this paper is an immediate corollary of [Theorem 6.11 
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Theorem 6.2: Let M be a compact nearly Kahler 6-manifold, and Ti.^{M) the 
space of harmonic i-forms on M. Then W{M) is a direct sum of harmonic 
forms of pm'c Hodge type: 

n\M) = nP'\M). (6.3) 

i=p+q 

Moreover, 'HP'''{M) = unless p = q or {p = 2,q = 1) or {q = l,p ^ 2). 

Proof: From [Theorem 631 we find that a form rj is harmonic if and only if 
d7] — drj = d*rj = d rj = and A^^j^rj = 0. From [Corollary 5T2l we find that 
the latter equation is equivalent to Nrj — Nij = N*r] = N*r] = 0. We find that 
a form rj is harmonic if and only if all the Hodge components of d, d* vanish on 

^- _ _ _ _ 

dr] = dr]^ d*7] = d*r] ^ Nrj = iVr/ = N*ri = N 7] = 0. (6.4) 

Therefore, all Hodge components of ij also satisfy (|6.4p . This implies that these 
components are also harmonic. We proved (|6.3p . 

To prove that 7i'''*(M) vanishes unless p — q or {p = 2,q = 1) or {q = l,p = 
2), we use [Corollary 3. 3] Let 77 be a non-zero harmonic (p, g)-form. Then the 
scalar operator R — Aa — Ag vanishes on rj, R = — p — q){p — q). Then 
either p~q or p + q — i. We obtain immediately that p — q or [p — 2, q — 1) 
or {q = l,p = 2) or (p = 3, g = 0) or {q = 0,p = 3). The last two cases are 
impossible: on A'^'°(M), A'''^(M), the operator + iV is clearly injective (see 
(|1.4p ). hence it cannot vanish; however, by (|6.4[) we have N + N{ri) = 0. This 
proves [Theorem 6.2l ■ 

Remark 6.3: The middle cohomology of a compact nearly Kahler 6-manifold 
is remarkably similar to the middle cohomology of a Kahler manifold. In par- 
ticular, the intermediate Jacobian T := H'^'^{M) / H^{M,'Z) is well defined in 
this case as well. As in the Kahler case, T is a compact complex torus, and we 
have a pseudoholomorphic map S — > T from the space of pseudoholomorphic 
rational curves on M to the intermediate Jacobian. 

Remark 6.4: All harmonic forms 77 G W''^{M), {p = 2,q ^ 1) or {q = l,p = 2) 
are primitive and coprimitive, that is, satisfy L^{r]) = Ai^{ri) = 0. Indeed, 
{A^, A'^} vanishes on rj as follows from (|6.4p . However, [Proposition 3.2] implies 
that {A^, N}{r]) = (p - q)u! A rj, hence w A 77 = 0. 

Similarly, all harmonic forms rj S 7iP'P(M) are primitive for p — I and 
comprimitive for p = 2. This is implied directly by (|6.4p and the local expression 
for A^ given in (|1.4p . For instance, for a (1, l)-form rj, we have A^(?7) = Alj{v) ' ^1 
hence 77 is primitive if A^(J7) = 0. 

Acknowledgements: I am grateful to Robert Bryant and Paul-Andi Nagy 
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